We prove a stronger version of a theorem on the kernel function proved by the author in a former article. Then, we obtain some theorems related with the ABC conjecture.
Introduction, Preliminary Notes and Main Results
A quadratfrei number or squarefree number is a product of distinct primes, that is, a number such that its prime factorization is of the form q 1 · · · q s where the q i (i = 1, . . . , s) are the distinct primes in the prime factorization. We also consider 1 as squarefree. Let Q(x) be the number of squarefree not exceeding x. It is well-known (see [1] ) these numbers have positive density 6 π 2 . That is, Q(x) = 6 π 2 x + o(x). The kernel of a positive integer n is the greatest squarefree that divides n and in this article will be denoted u(n).
The following theorem can be proved using the theory of functions of complex variable. This theorem is interesting in itself. Besides, it has very interesting consequences in number theory, as we shall see in the following theorems. The author does not know if there is some elementary proof of this theorem. Theorem 1.1 Let us consider the sums a + b = c, where c ≤ x, a is a square and b is also a square. The number of different values of c in these sums we denote B(x). That is, B(x) is the number of positive integers not exceeding x representable as the sum of two squares. We have
where B is a positive constant.
Proof. See [5, Volume 2] , where a better error term and the value of the positive constant B is given.
Now, we establish a general theorem.
Theorem 1.2 Let us consider the inequality
where the r i (i = 1, . . . , n) are fixed positive real numbers. The number of solutions (x 1 , . . . , x n ) to this inequality, where the x i (i = 1, . . . , n) are positive integers, will be denoted S n (x).
The following inequality holds
Proof. If x ≥ r 1 then the solutions to the inequality r 1 x 1 ≤ x are x 1 = 1, . . . , . On the other hand, if 0 ≤ x < r 1 we have S 1 (x) = 0 and consequently also S 1 (x) ≤ x r 1
. Therefore the theorem is true for n = 1. Suppose that the theorem is true for n − 1 ≥ 1, we shall prove that the theorem is also true for n. Suppose that x ≥ r 1 + · · · + r n then
Note that the function f (x n ) = (x − r n x n ) n−1 is strictly decreasing in the interval 0, xn=1 (x − r n x n ) n−1 . On the other hand, if 0 ≤ x < r 1 +· · ·+r n then S n (x) = 0 and consequently the inequality also holds. The theorem is proved.
In a previous article [4] we prove the following theorem. 
That is, the set of numbers c that satisfy inequality (2) has density 1.
The ABC conjecture establish that if a, b and c are positive and relatively prime integers which satisfy the equation a + b = c then for any > 0, with finitely many exceptions, we have that
Given > 0, Theorem 1.3 implies that almost for all c inequality
holds, independently of a and b. This fact was observed in [4] . Note that if a, b and c are relatively prime integers then inequality (4) becomes inequality (3). Now, we shall prove a stronger version of Theorem 1.3. This stronger version is the following, Theorem 1.4 Let > 0 an arbitrary but fixed real number. Let C (x) the number of positive integers c not exceeding x such that
+o(1) = x 1− 1+ +o(1) and consequently lim x→∞ C (x) x = 1. That is, the set of numbers c that satisfy inequality (5) has density 1.
Proof. The number of numbers c such that
will be denoted c (x). Therefore the squarefree u(c) satisfy
and consequently the number of these squarefree does not exceed x 1 1+ .
Let p n be the n-th prime. Let us consider the inequality
That is, the inequality
The prime number theorem is (see [1] ) ϑ(x) = p≤x log p ∼ x. If we put x = p k then we obtain (prime number theorem) log (
Therefore inequality (10) can be written in the form
where lim k→∞ f (k) = 1. A solution to inequality (11) and consequently to inequality (9) is
where lim x→∞ g(x) = 1 and h > 1. Note that log k = h(x) log log x, where lim x→∞ h(x) = 1. Consequently k (see (12)) is an upper bound for the number of primes in the prime factorization of the squarefree u(c) (see (8)). Suppose that u(c) = q 1 · · · q s (s = 1, 2, . . . , k) where the q i (i = 1, . . . , s) are distinct primes. Then the number of c not exceeding x with the kernel q 1 · · · q s is the number of solutions (r 1 , . . . , r s ) (denoted M s (x)) to the equation
That is to the equation
and it has the upper bound (see Theorem 1.2)
Now (use (12)) we have
Therefore (use (16)) an upper bound for the number of c not exceeding x with the same kernel u(c), where u(c) satisfies (8), is 1 log 2
where lim k→∞ t(k) = 1. Since the Stirling's formula k! ∼ √ 2π
give us log(k!) = t(k)k log k. Equations (8) A number such that all primes in its prime factorization has multiplicity (exponent) greater than 1 is called squareful or powerful number. These numbers are very scarce, if A(x) is the number of powerful numbers not exceeding x it is well known (see [2] ) that A(x) ∼ c √ x , where c > 1.
Theorem 1.5
Let us consider the sums a + b = c, where c ≤ x, a is a squareful and b is also a squareful. The number of different values of c in these sums we denote A 1 (x). That is, A 1 (x) is the number of positive integers not exceeding x representable as the sum of two squarefull. Let > 0 and let A 2 (x) be the number of these c not exceeding x such that c < u(c) 1+ . Then
+o (1) . Besides, we have
Therefore, almost for all c = a + b, where a and b are squareful inequality (4) holds. Since
Proof. By Theorem 1.1 we have
, since all square is a squareful number. Equation (18) is an immediate consequence of Theorem 1.4. Therefore
The theorem is proved.
A number of the form m n where m and n ≥ 2 are positive integers is called perfect power. Let N (x) be the number of perfect powers not exceeding x. The following formula is well-known (see [3] ).
where lim x→∞ f (x) = 1. Theorem 1.6 Let us consider the sums a+b = c, where c ≤ x, a is a perfect power and b is also a perfect power. The number of different values of c in these sums we denote A 1 (x). That is, A 1 (x) is the number of positive integers not exceeding x representable as the sum of two perfect powers. Let > 0 and let A 2 (x) be the number of these c not exceeding x such that c < u(c) 1+ . We have
where
Therefore, almost for all c = a + b, where a and b are perfect powers inequality (4) holds. Since
Proof. We shall prove equation (22). The rest of the proof is trivial by Theorem 1.4. The number of squares not exceeding x is √ x , therefore by (21) the number of perfect powers not a square not exceeding x is g(x) 3 
√
x where lim x→∞ g(x) = 1. Consequently the number of numbers not exceeding x that can be expressed as the sum of a square and a perfect power not a square does not exceed g(x)x 
Therefore, almost for all c = a + b, where a and b are squares, inequality (4) holds. Since
Proof. The proof is the same as the proof of Theorem 1.6. It is an immediate consequence of Theorem 1.1 and Theorem 1.4. The theorem is proved. That is, almost all sums of a squareful number and a not squareful number satisfy inequality (4).
Proof. By Theorem 1.3 the number of c ≤ N such that c < u(c) 1+ is N +o(N ). Therefore for these c all sums a + b = c, in particular the sum of a squareful and a not squareful, satisfy inequality (4) . For the rest of the c, whose number if o(N ), the number of sums of a squareful and a not squareful that do not satisfy inequality (4) The theorem is proved.
